We establish -convergence results of a sequence generated by the modified S-iteration process for two nonexpansive mappings in complete CAT(κ) spaces. Some numerical examples are also provided to compare with the Ishikawa-type iteration process. Our main result extends the corresponding results in the literature.
Introduction
Let C be a nonempty subset of a metric space (X, d). A mapping T : C → C is said to be nonexpansive if
d(Tx, Ty) ≤ d(x, y)
for all x, y ∈ C. We say that x ∈ C is a fixed point of T if
We denote the set of all fixed points of T by Fix(T); for more details see [] .
The concept of -convergence in general metric spaces was introduced by Lim [] . Kirk [] has proved the existence of fixed point of nonexpansive mappings in CAT() spaces. Kirk and Panyanak [] specialized this concept to CAT() spaces and showed that many Banach space results involving weak convergence have precise analogs in this setting. Dhompongsa and Panyanak [] continued to work in this direction. Their results involved the Mann and Ishikawa iteration process involving one mapping. After that Khan and Abbas [] studied the approximation of common fixed point by the Ishikawa-type iteration process involving two mappings in CAT() spaces.
The Mann iteration process [] was defined by x  ∈ C and x n+ = a n Tx n ⊕ ( -a n )x n , n ≥ , (.)
where {a n } is a sequence in (, ). He et al. [] proved the convergence results in CAT(κ) spaces.
The Ishikawa iteration process [] was defined by x  ∈ C and y n = b n Tx n ⊕ ( -b n )x n ,
x n+ = a n Ty n ⊕ ( -a n )x n , n ≥ ,
where {a n } and {b n } are sequences in (, ). Jun [] proved that the sequence {x n } generated by (.) -converges to a fixed point of T in CAT(κ) spaces. The S-iteration process [] was defined by x  ∈ C and y n = b n Tx n ⊕ ( -b n )x n ,
x n+ = a n Ty n ⊕ ( -a n )Tx n , n ≥ ,
where {a n } and {b n } are sequences in (, ). This scheme has a better convergence rate than those of (.) and (.) for a contraction in metric space (see [] ). In , Khan and Abbas [] studied the iteration (.) in CAT() spaces and proved the -convergence. Khan and Abbas [] also studied the following Ishikawa-type iteration process: x  ∈ C and
where {a n } and {b n } are sequences in (, ). This iteration was introduced by Das and Debata [] . They proved some results on -convergence in CAT() spaces for two nonexpansive mappings of the sequence defined by (.).
There have been, recently, many convergence and existence results established in CAT() and CAT(κ) spaces (see [-] ).
Motivated by [] and [] , in this paper, we study the following modified S-iteration process: x  ∈ C and
where {a n } and {b n } are sequences in (, ). We prove some results on -convergence for two nonexpansive mappings in CAT(κ) spaces with κ ≥  under suitable conditions. We finally provide some examples and numerical results to support our main result.
Remark . We note that this scheme reduces to the iteration process (.) when S = T. The iteration process (.) is quite different from (.).
Preliminaries and lemmas
In this section, we provide some basic concepts, definitions, and lemmas which will be used in the sequel and can be found in [] .
Let (X, d) be a metric space and x, y ∈ X with d(x, y) = l. A geodesic path from x to y is an isometry c : [, l] → X such that c() = x, c(l) = y. The image of a geodesic path is called geodesic segment. The space (X, d) is said to be a geodesic space if every two points of X are joined by a geodesic, and X is a uniquely geodesic space if every two points of X are joined by only one geodesic segment. We write ( -t)x ⊕ ty for the unique point z in the geodesic segment joining x and y such that
A subset E of X is said to be convex if E includes every geodesic segment joining any two of its points.
Let D be a positive number. A metric space (X, d) is called a D-geodesic space if any two points of X with the distance less than D are joined by a geodesic. If this holds in a convex set E, then E is said to be D-convex. For a constant κ, we denote M κ by the -dimensional, complete, simply connected spaces of curvature κ.
In the following, we assume that κ ≥  and define the diameter
It is well known that any ball in X with radius less than D κ / is convex [] . A geodesic triangle (x, y, z) in the metric space (X, d) consists of three points x, y, z in X (the vertices of ) and three geodesic segments between each pair of vertices. For (x, y, z) in a geodesic space X satisfying
Since the results in CAT(κ) spaces can be deduced from those in CAT() spaces, we now sufficiently state lemmas on CAT() spaces.
Lemma . [] Let (X, d) be a CAT() space and let K be a closed and π -convex subset of X. Then for each point x
Let {x n } be a bounded sequence in X. For x ∈ X, we set
The asymptotic radius r({x n }) of {x n } is given by r {x n } = inf r x, {x n } : x ∈ X and the asymptotic center A({x n }) of {x n } is the set
Definition . A sequence {x n } in X is said to -converge to x ∈ X if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }.
In this case we write -lim n→∞ x n = x and call x the -limit of {x n }.
Definition . For a sequence {x n } in X, a point x ∈ X is a -cluster point of {x n } if there exists a subsequence of {x n } that -converges to x.
Definition . Let (X, d) be a complete metric space and let K be a nonempty subset of X. Then a sequence {x n } in X is Fejér monotone with respect to K if
for all n ≥  and all q ∈ K .
Lemma . [] Let (X, d) be a complete CAT() space and let K be a nonempty subset of X.
Suppose that the sequence {x n } in X is Fejér monotone with respect to K and the asymptotic radius r({x n }) of {x n } is less than π/. If any -cluster point x of {x n } belongs to K , then {x n } -converges to a point in K .
Main results

Lemma . Let (X, d) be a complete CAT() space and let C be a nonempty, closed, and convex subset of X. Let T and S be two nonexpansive mappings of C such that F
Proof By Theorem . in [] and Lemma ., there exists a unique point p in F such that
Lemma . Let (X, d) be a complete CAT() space and let C be a nonempty, closed, and convex subset of X. Let T and S be two nonexpansive mappings of C such that F := Fix(T) ∩ Fix(S) = ∅. Let {a n } and {b n } be such that  < a ≤ a n , b n ≤ b <  for all n ≥  and for some a, b. If
Proof By Lemma . and Lemma ., there exist p ∈ F and M >  such that
By (.) and (.), we have
This shows that {d(x n , p)} is decreasing and this proves part (i). Let
We next prove part (ii). From (.), we get
from which it follows that
This implies that
On the other hand, (.) gives
We see that
Using (.) and (.), we can conclude that
Next, we know that
This yields
This implies by (.),
by (.) and (.),
Finally, we see that
hence, by (.) and (.), we get
This completes the proof.
Theorem . Let (X, d) be complete a CAT(κ) space and let C be a nonempty, closed, and convex subset of X. Let T and S be two nonexpansive mappings of C such that F
Proof Without loss of generality, we assume that κ = . Set
and since the open ball B π / (q) in C with radius r < π/ is convex, we have
By mathematical induction, we can show that
for all n ≥ . Hence {x n } is a Fejér monotone sequence with respect to
for all n ≥ . This shows that r({x n }) < π/. By Lemma ., let x ∈ C be a -cluster point of {x n }. Then there exists a subsequence {x n k } of {x n } which -converges to x. From (.), we get
By Lemma ., we obtain
This implies that x ∈ B π / (x  ). By Lemma ., we have
Hence Tx, Sx ∈ A({x n k }) and Tx = x = Sx. Therefore x ∈ F  . By Lemma ., we thus complete the proof.
We immediately obtain the following results in CAT() spaces.
Corollary . Let (X, d) be a complete CAT() space and let C be a nonempty, closed, and convex subset of X. Let T and S be two nonexpansive mappings of C such that F
Let {a n } and {b n } be such that  < a ≤ a n , b n ≤ b <  for all n ≥  and for some a, b. If {x n } is defined by (.), then {x n } -converges to a point in F.
Remark . When S = T, we obtain Theorem  of Khan and Abbas [].
Along a similar proof line, we can obtain the following result for the Ishikawa-type iteration process.
Theorem . Let (X, d) be a complete CAT(κ) space and let C be a nonempty, closed, and convex subset of X. Let T and S be two nonexpansive mappings of C such that F := Fix(T) ∩ Fix(S) = ∅. Let {a n } and {b n } be such that  < a ≤ a n , b n ≤ b <  for all n ≥  and for some a, b. If
Corollary . [] Let (X, d) be a complete CAT() space and let C be a nonempty, closed, and convex subset of X. Let T and S be two nonexpansive mappings of C such that F
Let {a n } and {b n } be such that  < a ≤ a n , b n ≤ b <  for all n ≥  and for some a, b. If {x n } is defined by (.), then {x n } -converges to a point in F.
Numerical examples
In this section, we consider the m-sphere S m , which is a CAT(κ) space.
The m-sphere S m is defined by
where ·, · denotes the Euclidean scalar product. Next, the normalized geodesic c : R → S m starting from x ∈ S m is given by
where v ∈ T x S m is the unit vector; while the distance
Then iteration process (.) has the form
and iteration process (.) has the form
where r(x, y) = arccos x, Ty ,r(x, y) = arccos x, Sy ,
Example . Let C = S  and let T and S be two nonexpansive mappings of C be defined by Tx = (x  , -x  , -x  , -x  ) and Sx = (x  , -x  , -x  , -x  ).
Choose x  = (., ., ., .) and let a n = n n+ and b n = n n+ . Then we obtain the numerical results in Table  and Figure . We next consider the hyperbolic m-space H m . The hyperbolic m-space H m is defined by
Next, the normalized geodesic c : R → H m starting from x ∈ H m is given by
Then iteration process (.) has the form and iteration process (.) has the form y n = cosh( -b n )r(x n , x n ) x n + sinh( -b n )r(x n , x n ) V (x n , x n ),
x n+ = cosh( -a n )r(Tx n , y n ) Tx n + sinh( -a n )r(Tx n , y n ) V (Tx n , y n ), ∀n ≥ , for any x = (x  , x  , x  , x  ) ∈ H  . Then Fix(T) = {(, , , )} = Fix(S).
